ABSTRACT We derive the probability of detection functions of 1-and 2-bitstreams for polarization multipleinput multiple-output antenna systems in random line-of-sight propagation conditions. The derivations are produced assuming that the angle-of-arrival of the field impinging at the receive antenna is fixed. Hence, randomness is only due to the direction of polarization of the incident field relative to the polarization of the far-field of the receiver antenna. Also, a general analytical orthogonalization transformation matrix has been derived for far-field functions of arbitrary dual-polarized antennas and used in the probability of detection derivations. Analytical results are obtained for the maximum ratio combining receiver diversity and the zero-forcing multiplexing receiver algorithms. These results provide a practical prediction tool of the impact of antennas on system performance due to polarization deficiencies of analytical, measured or simulated radiation field patterns of dual polarized antennas. This is illustrated by the provided numerical examples.
I. INTRODUCTION
The development of 5G wireless communication systems, e.g., for high throughput data transmissions, poses strict requirements on the performance of wireless devices (e.g., mobile phones, wireless transceivers in vehicles, access points and base stations), which calls for their thorough characterization. In laboratory conditions, this is done in Over The Air (OTA) measurement setups [1] . OTA characterization of devices requires among other things a good knowledge of the propagation channel in which the devices are intended to operate. Therefore, channel models are used based on extensive and accurate channel sounding measurement campaigns (see, e.g., [2] , [3] for recent reports). However, they can only cover a limited number of possible typical propagation scenarios.
As an alternative to OTA characterization in typical propagation scenarios, the characterization in two limiting propagation scenarios has been proposed in [4] . The first limiting scenario is the Rich Isotropic MultiPath (RIMP) environment which represents a good model for environments with high multipath and scattering. The RIMP environment is emulated in well-stirred reverberation chambers. In a reverberation chamber the walls are reflective and a number of so-called ''stirrers'' move inside the chamber, scattering the waves [5] .
The other limiting scenario is the (pure) Line of Sight (LOS) environment where the antennas on two sides of a link are assumed to be fixed and only one signal path is considered between the two. This environment is emulated in anechoic chambers where the walls are fitted with absorbers and the relative location and orientation of the two antennas is under precise control.
In 5G wireless systems, with ultra-dense deployment of mm-wave radio links to users, links dominated by the LOS propagation component are foreseen [6] . The electrical distance to scatterers will be larger than in current 3G and 4G systems and the losses are higher at these frequencies. However, unlike the traditional LOS scenario, the user side of this link will suffer from the random location and orientation of the users and the way they are using the terminals. A similar situation does also apply to automotive wireless communication systems in rural areas where the vehicle usually has a LOS connection to a base-station, but the orientation of the vehicle is random in the horizontal plane. The term Random Line-Of-Sight (Random-LOS) has been introduced to describe this scenario [4] , [7] .
The performance of an antenna in a wireless system can be statistically characterized, e.g., by using the ideal threshold receiver model [8] . Hence, for multiple-input multiple-output (MIMO) wireless systems, the Probability of Detection (PoD) of one or more bitstreams can be evaluated. The PoD functions provide a concise and useful model of the expected relative throughput delivered to a user evaluated as MIMO efficiency.
Polarization diversity can improve the MIMO system performance when the polarization is random in pure LOS, where randomness is only due to the direction of polarization of the incident field relative to the polarization of the far-field of the receiver antenna [9] , [10] . However, it has been shown recently that so-called polarization-MIMO antennas will face performance degradations in a Random-LOS environment due to polarization deficiencies which are present at offboresight directions [11] , [12] . The two ports of a dual polarized antenna, will provide orthogonal and balanced far-fields only close to boresight direction. The far-field vectors may in fact be parallel to each other in 45 • planes and the gains are very much different in the symmetry planes. These two effects, namely polarization non-orthogonality and amplitude imbalance are collectively named as polarization deficiencies. They will lead to significant performance degradations in the MIMO efficiency coverage in directions away from the boresight, especially if linear polarization is used at both transmitter and receiver sides of the link. However, there are no known general closed-form equations that can be used to determine the MIMO efficiency directly from measured or simulated antenna parameters, i.e., far-field functions and radiation efficiencies. It is highly desirable to obtain such equations since the MIMO efficiency would then be obtained in a more agile manner and at the same time it would provide better understanding of the relationship between the MIMO efficiency performance degradation due to polarization deficiencies [11] . The current manuscript fills this knowledge gap.
In this paper, we focus on the MIMO efficiency in the pure LOS environment, i.e., no multipath contribution due to scattering at all. Hence, maximum two orthogonal polarizations can be achieved in the far-field, and therefore also maximum two bitstreams are considered. The contributions of the present paper can be summarized as follows: (i) we derive analytical expressions for the PoD of 1-bitstream and 2-bitstream MIMO systems in a Random-LOS environment, assuming linear polarized antennas. These analytical formulas can be used to specifically determine the PoD of MRC SIMO and ZF MIMO systems without the need to run potentially complex and time-consuming simulations, (ii) they can also help determine the degradations in the system performance due to polarization deficiencies [11] , [13] , (iii) examples illustrating the throughput coverage of known antennas obtained with the analytical PoD functions are provided, and (iv) a transformation matrix has been derived for arbitrary antennas to produce orthogonal far-field functions and maximum receive power in Random-LOS, which provides a generalization of sum and difference far-field functions.
The assumed MIMO receiver model and algorithms are described in Sec. II, the considered Random-LOS channel model is given in Sec. III, analytical results for the orthogonalization of the far-field functions are given in Sec. IV, followed by the derived analytical PoD functions in Sec. V, the numerical examples and the conclusions are given in Sec. VI and VII, respectively. Sketches of the analytical derivations are given in the Appendices.
II. MIMO RECEIVER MODEL AND RECEIVER ALGORITHMS

A. MIMO RECEIVER ALGORITHMS
In LOS, which is the focus of this paper, maximum two independent polarizations are possible. Hence, maximum number of considered antennas at both the transmitter and receiver sides is 2. In a generic MIMO system the signals received by a multi-port antenna can be expressed by the following inputoutput relationship
where y ∈ C N r ×1 denotes a vector of the received signals, x ∈ C N t ×1 is a vector containing the transmitted signals, H ∈ C N r ×N t is the MIMO channel matrix, and n ∈ C N r ×1 is the noise vector containing independent identically distributed (i.i.d.) unit variance Gaussian-distributed elements. N r and N t denote the number of receive and transmit antennas, respectively. The elements of the channel matrix H are proportional to the induced voltages at the ports of the receiver antenna. As well-known, the number of maximum parallel data streams that can be obtained is given by min{N r , N t }. Since we are concerned with Polarization-MIMO in Random-LOS, SIMO and MIMO systems are reduced to the analysis of 1-and 2-bitstream MIMO systems.
We now specialize our results to three specific cases corresponding to algorithms used in practice in wireless communications systems. Next, we recall the receive SNR at the output of the receiver after the signal processing.
1) 1-BITSTREAM SISO SYSTEM
In this case we have a single transmit antenna and a single receive antenna, i.e., N r = N t = 1. The output SNR is then given by
where h is the only element of the channel matrix H and γ t = E |x| 2 /E |n| 2 is proportional to the transmit power.
2) 1-BITSTREAM MRC SIMO DIVERSITY SYSTEM
The same transmitted data stream is received at two antennas, i.e., N t = 1 and N r = 2. The received power is maximized by using the maximum ratio combining (MRC) algorithm. The output SNR at the receiver is then given by
where γ t = E |x| 2 /E |n| 2 , where we have used that
Two parallel data bitstreams are transmitted and received, i.e., N r = N t = 2. No channel state information is available at the transmitter. The Zero-Forcing (ZF) algorithm applies an inversion of the channel matrix to nullify the interference from the other data bitstream. The SNR of the i-th data stream is then obtained as
where, γ t = E |x i | 2 /2E |n i | 2 and X i,i the i-th diagonal element of the matrix X for i = {1, 2}. X −1 denotes the matrix inversion operation.
B. IDEAL DIGITAL THRESHOLD RECEIVER
It has been shown in [8] that the data throughput in LTE (Long Term Evolution) and LTE-A (LTE-Advanced) systems can be modelled by the ideal digital threshold receiver model. This receiver assumes an ideal error correction of the transmitted information bits over an AWGN (Additive White Gaussian Noise Channel) channel. A threshold Signalto-Noise Ratio (SNR), γ th , is defined such that a signal is detected if the received SNR, γ , is above this threshold value. On the other hand, if the received SNR is below the threshold, no data is decoded at the receiver. Hence, in the static channel, when γ = γ th , the data throughput goes sharply from 0 to the maximum achievable throughput defined by the coding and modulation scheme according to the standard specification value T put,max .
In a dynamic fading channel the normalized average data throughput, T put , can be modelled by the probability of detection of a single data bitstream
where F (γ ) denotes the Cumulative Distribution Function (CDF) of the average SNR after digital processing [8] .
Hence, (5) denotes the complimentary cumulative distribution function of the receive SNR over the fading channel. It is worthwhile to note that for practical OTA applications, e.g., when computing or measuring the PoD (relative throughput), power quantities are usually used instead of SNR quantities. Hence, it is often convenient to use transmit power P t and receiver threshold power P th instead of γ t and γ th , respectively. Clearly, since we consider systems with fixed noise variance the SNR ratios will be equal to power ratios. Throughout this paper we therefore use SNR quantities. In this paper we evaluate the probability of detection as PoD γ t γ th . Moreover, when we say transmit SNR, we mean transmit power divided by the noise power at the receiver.
For 1-bitstream systems like the SISO and the MRC SIMO system the PoD is then directly obtained from the evaluation of the received signal SNR. On the other hand, for the ZF MIMO system, the input to the ideal digital threshold receiver is given by
where the weakest of the bitstreams, i.e., the bitstream with the smallest SNR, is selected at the output of the MIMO receiver antenna. This is because the weakest performing bitstream is the one which limits the performance of the 2-bitstream system. As soon as the PoD on this stream is reduced to zero, the system is effectively a 1-bitstream system. γ ZF i for i = {1, 2} denotes the SNR of each bitstream at the output of the ZF MIMO receiver. The PoD is then obtained using the relationship (5) . Clearly, if the weakest data stream is detected, i.e., it's SNR is above the threshold, then both bitstreams will be detected in a 2-bitstream MIMO system [14] . Furthermore, (5) can be used to find the required SNR to achieve 95% PoD level. The SNR relative to threshold at 95% PoD is a measure of system's performance and it's degradation corresponds to the MIMO efficiencies defined in [11] for Random-LOS environments.
III. CHANNEL MODEL
Considering that our antennas are operating in a pure lineof-sight (LOS) channel, the elements of the channel matrix in (1) are proportional to the open-circuit voltage induced at the receive antenna ports by the impinging LOS wave [15] 
where η is the free space wave impedance, λ is the wavelength, G i is the embedded far-field function 1 of the receive antenna i in the directionr 0 . G i is obtained on transmit when the impressed current at the input port is I i and the other port is terminated in 50 . Hence, G i already takes into account the mutual coupling effects between the two receive antennas in the SIMO and MIMO cases. The direction of polarization is given by vectorĝ i , i.e., the unit vector ofĜ i . E j is the incident plane wave field with polarization vectorê j measured at the phase center of the receive antenna that we choose to be the origin of the coordinate system associated with the antenna. The indices i and j can take on values {1, 2} in the general MIMO case, while for the SISO case, i = j = 1, and for the SIMO case we have i = {1, 2} and j = 1.
In the SIMO and MIMO cases the two receive antennas are identical. Hence, the patterns of the two antennas are identical too, while they are rotated with respect to each other and have coinciding phase centers. We assume the antennas to be terminated with conjugate-matched load condition. Hence, we model the (ij) entry of the channel matrix in (1) as
where R a is the real part of the receive antenna input impedance and
is the power that would have been received by an isotropic antenna that is polarization-matched to the incident field E j . It is worthwhile to note that (8) is dimensionless. Now, taking into account (1), (7), (8) and (9) we summarize the channel matrix entries in LOS for each considered case.
SISO System:
where G o is the gain of the receive antenna evaluated at the AoA of the LOS wave,ĝ andê are the polarization vectors of the receive antenna and the LOS wave, respectively. 1 × 2 SIMO System:
where G o,i is the gain of the receive antenna i evaluated at the AoA of the LOS wave,ĝ i andê are the polarization vectors of the receive antenna i and the LOS wave, respectively. 2 × 2 MIMO System:
where G o,i is the gain of the receive antenna i evaluated at the AoA of the LOS waves,ĝ i andê j are the polarization vectors of the receive antenna i and the LOS wave j, respectively. It is worthwhile to note that in our casê e j ·ê * j = δ jj (13) which means that for the sake of simplicity we assume that the transmit waves are orthogonally polarized. Under the above assumptions it is clear that the polarization mismatch between the receive antenna (or antennas) and the impinging field can be characterized by an angle ψ |ĝ ·ê|
where ψ is assumed uniformly distributed in [0, π/2] with probability distribution
It is worthwhile to note that (15) is a hypothetical distribution. In practice, the distribution might not necessarily be uniform, but no other models are currently available. However, the choice of the uniform distribution is a result of the nature of the Random-LOS as a limiting scenario. In the SIMO and MIMO cases, and following the notation introduced above, the polarization mismatch angle can be denoted by ψ. Hence, in the following we use this model where no special preference exists for any polarization state of the waves impinging at the receive antenna.
IV. ANTENNA FAR-FIELD ORTHOGONALIZATION
As mentioned above, the far-field functions G 1 (θ 0 , φ 0 ) and G 2 (θ 0 , φ 0 ) of dual polarized receive antennas are not orthogonal in all AoA directions defined by spherical angles (θ 0 , φ 0 ). However, for further derivations of PoD functions, it is convenient to obtain two replacement vectors G and G that are orthogonal, i.e.
and provide the same MRC gain as the above, i.e.
where E i is the incident field at the antennas. It is worthwhile to note that the MRC equation (17) formulated in power quantities is equivalent to the formulation (3) in SNR quantities for the Random-LOS case, proof of which is straightforward and therefore omitted here. The replacement vectors can be obtained by a linear transformation of the form
where
is a unitary matrix, i.e., U H U = I, with parameters
A sketch of the derivations is given in Appendix A.
The orthogonalization matrix takes into account various important parameters of the MIMO antenna elements: (i) their phase difference is given by (20), (ii) the orthogonality of their far-field functions is given by the numerator of (21) and (iii) their power balance is given by the denominator of (21). For example, in the special case when = 0 and the power balance prevails (i.e., |G 1 | 2 = |G 2 | 2 ), the orthogonalized patterns reduce to the well-known result of semi-sum and semi-difference of the original far-field functions.
In addition to the MRC SIMO diversity scheme, we apply this orthogonalization to the ZF MIMO multiplexing scheme too. Since the transformation is done by a unitary operator, the ZF MIMO scheme will remain the same, e.g., in terms of the powers (SNRs) of each of the bitstreams (4).
V. DERIVATION OF PoD FUNCTIONS
In this section we derive the PoD functions of a 1-bitstream SISO system, a 1-bitstream MRC SIMO diversity system and a 2-bitstream ZF-MIMO open loop multiplexing system as defined above. The PoD functions will be derived for a fixed AoA defined by the angles θ 0 and φ 0 in the spherical coordinate system associated with the receive (i.e., the characterized) antennas. Hence, in principle, we are deriving the PoD functions conditioned on the observation of one or two impinging waves coming from the direction defined by (θ 0 , φ 0 ) depending upon whether we are dealing with a 1-or 2-bitstream system. A schematic representation of the vectors describing the channel model used for SISO, SIMO, and MIMO systems are illustrated in Fig. 1 . The polarization vectors of an impinging wave (or two orthogonally polarized waves) and the receive antenna (or antennas) is random obeying the probability distribution (15).
A. 1-BITSTREAM SISO SYSTEM
Let's consider a 1-bitstream SISO system defined by (2) and (10) . Following the notation in [15] , we then obtain from (10) and (14) that the SISO SNR in (2) is given by
where γ t is the transmit SNR or equivalently, in this case, the receive SNR by a polarization-aligned isotropic antenna, G o (θ 0 , φ 0 ) is the gain of the receive antenna in direction (θ 0 , φ 0 ), and γ max = G o (θ 0 , φ 0 )γ t is the maximum SNR attained for polarization-matching at AoA (θ 0 , φ 0 ), and ψ is the angle defined by the vectors G(θ 0 , φ 0 ) and E(θ 0 , φ 0 ) or equivalently by the corresponding polarization vectorŝ g(θ 0 , φ 0 ) andê(θ 0 , φ 0 ), respectively. Assuming (15) we find the probability distribution function (PDF) 2 of the receive SISO SNR (22)
where 0 ≤ γ ≤ γ max . The corresponding cumulative distribution function (CDF) is then given by
Derivations of (23) and (24) are provided in Appendix C. It can be readily observed from (24), that the median SNR is γ max /2 since F(γ max /2) = 1/2, which is also the 2 It is worthwhile to note that (23) in the general Random-LOS channel where the AoAs (θ 0 , φ 0 ) are not fixed, but random variables, represents a conditional PDF.
average SNR. The physical interpretation is that for any SISO system the power loss in Random-LOS due to polarization mismatch is 3dB on average.
By using the ideal threshold receiver model (5), the PoD of a 1-bitstream SISO system is obtained as
where γ t /γ th indicates the power (relative the receiver threshold level) required to achieve a certain PoD level, and γ t /γ th ≥ 1/G o .
By a closer inspection of (25), we immediately see that in SISO systems operating in Random-LOS at a fixed PoD-level, a decrease in antenna gain in the desired direction will require an increase of transmit power, a better receiver sensitivity or both. Different antenna designs can be readily compared by plugging in the measured or simulated antenna gains.
B. 1-BITSTREAM MRC SIMO SYSTEM
Let's now consider the 1-bitstream SIMO system with MRC of the receive signals at the two ports of the antenna system. Combining (11) and (14) into (3) and after some straightforward manipulations we obtain the following MRC SIMO SNR γ = γ max,1 cos 2 (ψ 1 ) + γ max,2 cos 2 (ψ 2 )
where γ max,1 = G o,1 (θ 0 , φ 0 )γ t and γ max,2 = G o,2 (θ 0 , φ 0 )γ t are the maximum SNR attained at each receive port for polarization-matching at AoA (θ 0 , φ 0 ) and γ t is the transmit SNR. G o,1 (θ 0 , φ 0 ) and G o,2 (θ 0 , φ 0 ) are the gains of the two receive antennas in direction (θ 0 , φ 0 ). ψ 1 and ψ 2 are the corresponding polarization mismatch angles shown in Fig. 1(b) . Our aim is to derive the PoD of 1-bitstream with MRC in a SIMO system. Hence, we apply the orthogonalization transformation of the receive far-field functions shown in Sec. IV that leads to a simplification of the PoD derivations. (θ 0 , φ 0 ) . ψ is the corresponding random polarization mismatch angle (14) shown in Fig. 1(b) and satisfying the PDF (15) . The PDF of γ is then given by
where min(γ , γ ) ≤ γ ≤ max(γ , γ ). The corresponding CDF of the received SNR is obtained as
From (29) we see that the median SNR is (γ +γ )/2, i.e., the arithmetic average of the power available in the orthogonal polarizations. Two limiting cases can be discerned here: (i) min(γ , γ ) = 0, then (28) and (29) reduce to (23) and (24), respectively. The physical interpretation is that the antennas are co-polarized at the AoA (θ 0 , φ 0 ), (ii) γ = γ , then (28) and (29) are not valid. The corresponding CDF and PDF (not shown here) are then given by the Dirac δ-function and the Heaviside θ -function, respectively. This can be intuitively understood from (27) since the SNR becomes independent from the polarization mismatch angle. The physical interpretation is that the receive antennas are orthogonal and power-balanced and therefore able to collect all the available energy regardless the polarization of the impinging wave.
Detailed derivations of (28) and (29) are presented in Appendix C.
The corresponding PoD of 1-bitstream MRC SIMO system is computed as
In this case the impact of the decrease of the antenna gains are not as straightforward as in the SISO case. However, we clearly see that both gains will affect the performance of the polarization diversity. It can then be evaluated by (30) and (18)-(21).
C. 2-BITSTREAM ZF MIMO SYSTEM
We now consider the 2-bitstream MIMO system with ZF applied to the received signals at the two ports of the antenna system. Similar to the MRC SIMO case, we apply the orthogonalization transformation to the receiver far-field vectors.
Here, as mentioned above, the two incoming plane waves E 1 and E 2 are orthogonal. Since γ t is the same for both bitstreams, the input-output relationship (4), channel (12) and the condition of weakest stream (6) provide, after some straightforward manipulations, the following ZF MIMO SNR
where G and G are the gains of the orthogonalized receive antennas in direction (θ 0 , φ 0 ), same as the MRC case, and ψ is the polarization mismatch angle as shown in Fig. 1(c) , and
only depends on φ 0 and θ 0 and the gains of the receiver antennas in that direction, and is independent of the polarization mismatch. Hence, it can be considered a constant in our case. In (32), α is the angle between the two receiver antenna polarizations, as shown in Fig. 1(c) .
In the same way as above, knowing the probability distribution of ψ, that of γ in (31) is derived as
where min(
Derivations of (33) and (34) are presented in Appendix C. As in the MRC SIMO case we see that when G = G , the above CDF and PDF are not valid and rather described by the Dirac δ-function and the Heaviside θ -function, respectively. The physical interpretation is that the receive antennas are orthogonal and power-balanced and therefore there is no interference for the two bitstreams. The antennas are able to collect all the available energy regardless the polarization of the impinging waves.
The PoD can be written as
The performance of the ZF polarization multiplexing can then be evaluated by (35) and (18)- (21).
VI. NUMERICAL EXAMPLES
In this section we illustrate the application of the derived PoD equations in the evaluation of the MIMO performance of dual-polarized antennas. In polarization-diversity or polarization-MIMO systems, the performance is optimal if the two antenna ports provide orthogonal and equalamplitude far-field patterns. However, it is known that the two ports of a dual-polarized antenna, will provide orthogonal and amplitude-balanced far-fields only close to boresight direction. The amplitude imbalance (I a ) and polarization nonorthogonality (I p ) which occur at AoAs away from boresight, will degrade the performance of an antenna in Random-LOS. I a and I p , which are collectively refered to as polarization deficiencies, are defined as
where G 1 and G 2 are the far-field vectors of the two antenna ports. Both I a and I p are equal to zero for the ideal case. In order to study the effects of the polarization deficiencies, on MRC and ZF performance of dual-polarized antennas in Random-LOS, we choose the figure of merit as the MIMO efficiency defined in [11] . The MIMO efficiency is defined as the degradation in the required SNR to achieve 95% PoD level, compared to the ideal case where the polarization deficiencies are not present, i.e.
where PoD -1 is the inverse function of PoD, and PoD 0 represents the PoD of the ideal case. For the 1-bitstream system, the definition in (38) is in fact a SIMO efficiency. However, in order to avoid multiple definitions and following the notation in [11] the term MIMO efficiency is used for both SIMO and MIMO systems.
Close inspection of (21) shows that ζ can be written in terms of I a and I p as
where we have assumed |G 1 | > |G 2 |. The MIMO efficiency of MRC and ZF systems can then be calculated for different values of the polarization deficiencies. For this purpose, (30) and (35) need to be solved for γ /γ th at PoD = 0.95, respectively for MRC and ZF cases. It should be noted that having |G 1 | < |G 2 | would not affect the dependence of the MIMO efficiency on the polarization deficiencies. Fig. 2(a) shows the degradation of the MIMO efficiency vs. I a for a SIMO system with I p = 0. Similarly, Fig. 2(b) shows the MIMO efficiency vs. I p when I a = 0 dB. The analytical MIMO efficiency is compared with the simulated values in [11] and shows the exaxt agreement between the analytical and simulated values. In order to investigate the effect of the presence of both polarization deficiencies at the same time, the MIMO efficiency of 1-bitstream MRC system is plotted vs. the polarization deficiencies in Fig. 3(a) . It is observed that the MIMO efficiency decreases in the presence of either of the two polarization deficiencies, as expected. The MIMO efficiency of 2-bitstream ZF system is plotted in Fig. 3(b) for comparison. We observe that the adverse effect of the polarization deficiencies is larger on ZF system than on MRC system, especially at I p values close to 1, where the far-field vectors of the receiver antennas are almost parallel. These results can be readily applied to any dual-polarized antenna in order to study its performance in Random-LOS. This information is especially useful when dealing with basestation antennas for mm-wave 5G or small cells where LOS is expected to be the dominant propagation environment between the base-station and the mobile device. For such scenarios, it is essential that the antenna provides a desirable MIMO performance over the intended coverage area. Here, we use the dual-polarized self-grounded bowtie antenna [16] as an example to demonstrate the application of the derived equations in obtaining the MIMO efficiency coverage. These results can be compared to the numerically simulated ones in [17] which shows the agreement between the formulae and the simulation. Without using the derived equations, one needs to run time-consuming numerical simulations in order to obtain the efficiency, whereas the efficiency is readily available with the presented closed-form formulas. 4(a) shows the ZF MIMO efficiency coverage of the dual-polarized self-grounded bowtie antenna in the halfspace in front the antenna, at 1.6 GHz. It is observed that while the antenna provides a good 2-bitstream coverage for directions close to the boresight, at directions away from boresight more power is required at the transmitter side in order to achieve 95% PoD. Fig. 4(b) and 4(c) show the spatial distribution of the polarization deficiencies at the same frequency, where the effect of the polarization deficiencies on the MIMO efficiency coverage is seen clearly. Same functions are plotted in Fig. 5 for 2.2 GHz. It is observed that the polarization deficiencies are more pronounced at this frequency which results in poor MIMO coverage in larger portions of the space. The PoD equations (30) and (35) can be employed during the design process of dual-polarized antennas to rapidly evaluate the MIMO performance of the antenna and optimize the design, without the need for potentially complex and time-consuming numerical simulations.
VII. CONCLUSIONS
We have produced analytical expressions for the probability distribution functions of the receive signal-to-noise ratio for maximum ratio combining receiver diversity and the zeroforcing multiplexing receiver algorithms in Random-LOS environments under the assumption that angle-of-arrival of the field impinging at the receive antenna is fixed. Based on the above, the performance of different 1-bitstream and 2-bitstream communication systems are analytically studied in Random-LOS propagation environments.
As an intermediate step in the derivations we have produced a general analytical orthogonalization transformation matrix for far-field functions of arbitrary dual-polarized antennas. The relationship of the parameters of the farfield orthogonalization matrix and the effects of polarization deficiencies on the system performance are also described and formulated. For dual-polarized antennas, polarization deficiencies are present at off-boresight directions and lead to degradation in the performance of the whole system. These analytical studies help resolve the need for often timeconsuming simulations and provide a better understanding of the Random-LOS propagation and the effect of polarization deficiencies of the dual-polarized receiver antenna, and also the effect of the polarization mismatch between the two ends of the communication link, on the performance of MIMO systems.
APPENDIX A SKETCH PROOF OF ORTHOGONALIZATION OF ARBITRARY FAR-FIELD VECTORS
Assume two arbitrary non-orthogonal complex vectors G 1 and G 2 , representing far-field functions of two antennas at a random direction. The objective is to find two vectors G and G that for any incident field (E i ) satisfy conditions of orthogonality (16) and of conservancy of received power according to the MRC diversity scheme (17) .
We now seek the vectors G and G as linear combinations of the original vectors
The power equation (17) 
It is worthwhile to note that the equality of the equations above are valid up to a multiplicative constant that has been omitted in order to improve clarity of exposition. Equation (41) has to hold for every arbitrary incident field or h 1 and h 2 , so the weights should satisfy the following three equations:
where we have to solve four unknowns. The orthogonality condition ( 
Equations (16) and (17) suggest that we can define intermediate unknowns ν, ω, k, l, m, and n and write the weights as a = e jk sin ν, c = e jm cos ν (45a)
By further inserting (45a)-(45b) into our system of four equations we obtain the sought results (19) , (20) and (21) 
which is independent of the random polarization mismatch ψ.
In the derivation of (50) we have used Im h * 11 h 12 h 21 h * 22 = 0, and ψ 2 − ψ 1 = π/2 − α, which are both straightforward to prove and therefore omitted here. The denominators of (49) are similar to MRC combining of the incoming waves. Hence, the ZF receive SNRs given by (31) are now directly obtained using (50) and the orthogonalized vectors G and G in (4).
APPENDIX C DERIVATIONS OF PoD FUNCTIONS
The receive SNR γ is a function of polarization mismatch angle ψ γ = g(ψ)
where ψ is a random variable with PDF (15) . The PDF of γ is then obtained from the fundamental theorem [18] f (γ ) =
where ψ i are the roots of (51). The computation of the PoDs involve the computation of integrals obtained with Wolfram integrator tool available online [19] .
